PROGRAM FOR PREPARATION FOR ENTRANCE EXAMINATIONS TO MASTER'S STUDIES IN THE DIRECTION OF PREPARATION 
01.04.01 MATHEMATICS

1. Explanatory note

The program of entrance examinations to the magistracy in the direction of preparation 01.04.01. Mathematics is compiled on the basis of the requirements of the Federal State Educational Standard for Higher Professional Education and is focused on the final level of the bachelor in the areas of training 01.03.01 Mathematics, 01.03.02 Applied Mathematics and Informatics. The program assumes that applicants have knowledge of algebra, mathematical, complex and functional analysis and differential equations.

I. Elements of linear algebra

Linear spaces and their subspaces. Basis, dimension. Matrices, determinants. Eigenvalues ​​and eigenvectors. Matrix rank. Kronecker-Capelli theorem. Bilinear and quadratic forms. Reduction of quadratic forms to normal form. Reducing the matrix of a linear operator to Jordan form.

II. Elements of mathematical analysis

Uniform convergence of sequences of functions and functional series.

Riemann integral, Riemann integrability conditions for a function. Lebesgue integral (basic construction and difference from the Riemann integral).

Fourier series and their convergence.

Topological, metric, normed and Banach spaces. Examples.

Hilbert spaces. Three basic principles of linear functional analysis (the Hahn-Banach theorems, the principle of uniform boundedness, Banach's inverse operator theorem). Compact and completely continuous operators. The principle of contraction mappings.

Functions of a complex variable, their differentiability. Examples. Conformal mappings.

Cauchy's theorem on the integral over a closed contour. The Cauchy integral. Taylor and Laurent series. Isolated singular points.

Residues and their properties.

Bernoulli scheme. De Moivre-Laplace theorem.

The law of large numbers. Central limit theorem.

III. Differential Equations

Existence and uniqueness theorem for the solution of the Cauchy problem for a system of ordinary differential equations (Picard). Peano's theorem (without proof). Theorem on the continuation of the solution. The case of linear equations.

Theorem on continuous dependence and differentiability of solutions with respect to initial conditions and parameters. Equations in variations.

Linear systems. Vronsky's determinant. Liouville's theorem for second order equations. The method of variation of constants.

Solving systems of linear equations with constant coefficients.

Solution of the Cauchy problem for the 1st order partial differential equation.
Результаты перевода

Equations with partial derivatives. The order of the system of equations. Characteristics of systems of equations of the 1st order. Normal systems of equations and the Cauchy problem. Cauchy-Kovalevskaya theorem (without proof). Classification of linear equations of the 2nd order and their reduction to canonical form.

Basic equations of mathematical physics. Statements of initial-boundary value problems.

Solving mixed problems for the wave equation and the heat equation by the method of separation of variables (Fourier method).

Fundamental solution of the Laplace equation. Green's function of the Dirichlet problem and its properties.

Harmonic functions and their properties: mean value theorem, maximum principle, Liouville's theorem, singularity removability theorem.

Dirichlet and Neumann problems for the Laplace equation. Uniqueness of the solution and solvability conditions.

The maximum principle for the heat equation. Solution of the Cauchy problem in various classes of initial functions.

Solution of the Cauchy problem for the wave equation by the Fourier transform method.

Formulas of d'Alembert, Poisson, Kirchhoff, their physical meaning.

Sobolev spaces and their properties.

Generalized solutions of boundary and initial-boundary problems for linear equations of the 2nd order of a general form: elliptic, hyperbolic and parabolic. Application of the Galerkin method. Numerical methods for solving problems for ordinary differential equations: Euler, Runge-Kutt, Adams, shooting, sweeping. Numerical methods for solving problems of mathematical physics: running counting (hyperbolic equations), explicit and implicit schemes (parabolic equations), iterative methods (Laplace equation).

IV. Dynamical systems and optimal control General properties of dynamical systems. Singular points of linear systems on the plane.

Stability according to Lyapunov.

The simplest problems of the calculus of variations. Lagrange problem. Sufficient conditions for a weak extremum. Pontryagin's maximum principle.
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1. Questions of the program of entrance examination to postgraduate study in the specialty 01.01.02 - Differential equations

Section 1

Theorems on the existence of an implicit function. Uniform convergence of functional sequences and series. The existence theorem for the Riemann integral. Improper integrals, signs of uniform convergence of improper integrals depending on a parameter.

Integration and differentiation of integrals with respect to a parameter.

Metric spaces. Replenishment theorem. Topological spaces. Topology comparison. Continuous mappings of topological spaces. Homeomorphic mappings. Methods for setting topologies. Induced topology and factor topology. Convergence in topological spaces. Compact topological spaces and their properties. The Heine–Borel theorem on the structure of compact sets in Rn.

Section 2

Smoothness of the solution of the Cauchy problem with respect to the initial data and parameters included in the right-hand sides of the system of equations. Solution continuation.

General theory of linear equations and systems (domain of existence of a solution, fundamental Cauchy matrix, Liouville-Ostrogradsky formula, method of variation of constants, etc.).

Autonomous systems of equations. Balance positions. Limit cycles.

Stability according to Lyapunov. Lyapunov's theorem on the stability of the equilibrium position in the first approximation.

Section 3

Functions of a complex variable. Cauchy-Riemann conditions. Integral over a contour. Cauchy's theorem. Cauchy formula. Cauchy-type integral and its properties. Sokhotsky's formulas. The maximum principle, Liouville's theorem.

Series of analytic functions, Weierstrass theorems. Power series, uniqueness theorem. Taylor series and Laurent series. Behavior of a function in a neighborhood of a singular point, Sochocki's theorem. Residues and their properties.

